Non-surjective pullbacks of graph C*-algebras from non-injective
  pushouts of graphs by Chirvasitu, Alexandru et al.
NON-SURJECTIVE PULLBACKS OF GRAPH C*-ALGEBRAS
FROM NON-INJECTIVE PUSHOUTS OF GRAPHS
ALEXANDRU CHIRVASITU, PIOTR M. HAJAC, AND MARIUSZ TOBOLSKI
Abstract. We show that a class of unital AF graph C*-algebras can be presented as
non-surjective pullbacks of graph C*-algebras. Our result covers a variety of examples
from noncommutative topology: the standard Podles´ quantum sphere, complex quantum
projective spaces, and quantum teardrops. Furthermore, we consider extensions of graphs
over sinks and prove an analogous theorem for the thus obtained graph C*-algebras.
1. Introduction
The classical two-sphere S2 can be obtained by shrinking the boundary of the disc B2 to
a point. In other words, there is a pushout diagram in the category of topological spaces
S2
{∗}
>>
B2 .
aa
S1
`` ==
(1.1)
Due to the contravariant duality of algebras and spaces, the diagram (1.1) amounts to
an isomorphism C(S2) ∼= C(B2) ⊕C(S1) C of C*-algebras of complex-valued continuous
functions on the two-sphere and the pushout B2 unionsqS1 {∗} respectively.
At the same time, the Toeplitz algebra T [5] can be viewed as a noncommutative
deformation of C(B2) (see [11, Theorem IV.7]). Therefore, the C*-algebra C(S2q0) of
the standard Podles´ sphere [14, (3a)] provides a noncommutative deformation of the
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2 A. CHIRVASITU, P. M. HAJAC, AND M. TOBOLSKI
diagram (1.1), namely we have the following pullback diagram in the category of C*-alge-
bras
C(S2q0)
|| ##
C
""
T .
{{
C(S1)
(1.2)
The aim of this paper is to generalize the diagram (1.1) even further into the non-
commutative setting using the concept of a C*-algebra C∗(E) of a directed graph E
(e.g., see [2]). Graph C*-algebras provide powerful tools in noncommutative topology
and many C*-algebras representing noncommutative deformations of topological spaces
are isomorphic with C*-algebras of graphs [4, 9, 10]. In all known cases these isomor-
phisms are quite complicated and they do not depend on the deformation parameter.
Nevertheless, when such an isomorphism is established, one can obtain easier solutions to
many problems (including K-theory computations).
Our starting point is that all the C*-algebras in the diagram (1.2) can be viewed as
C*-algebras of graphs, which we present pictorially as follows
C∗
(
(∞)
)
%%
{{
C∗ ( )
$$
C∗
  .
yy
C∗
( )
(1.3)
(See the examples in Section 2 for details.)
The graph-algebraic decomposition (1.3) manifests a certain general phenomenon that
can be explained in terms of non-injective pushouts of graphs. The goal of this paper
is to explore this phenomenon to its fullest generality. To this end, we search for a
new concept of morphisms of graphs, so as to ensure that, in the thus defined category
of graphs, the assignment of graph algebras to graphs becomes a contravariant functor
translating pushouts of graphs into pullbacks of graphs algebras. While this task seems
to be completed in [8] (cf. [12, Corollary 3.4]) for injective pushouts of row-finite graphs
(each vertex emits only finitely many edges), herein we handle a non-injective case without
row-finiteness assumption.
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To accommodate this naturally occuring non-injectivity, we replace the standard idea
of mapping vertices to vertices and edges to edges by the more flexible idea of mapping
finite paths to finite paths. We arrive at a general result for a class of unital AF graph
C*-algebras including the standard Podles´ sphere, complex quantum projective spaces [16,
Definition on p. 109], and quantum teardrops [3]. Finally, we go beyond AF graph C*-alge-
bras by considering their extensions over sinks.
2. Graph-algebraic preliminaries
A directed graph E is a quadruple (E0, E1, s, r), where E0 and E1 are the sets of vertices
and edges respectively, s : E1 → E0 is the source map, and r : E1 → E0 is the range map.
Throughout the paper we consider only directed graphs with finite sets of vertices and
countable sets of edges, and we will often abbreviate them to simply graphs.
Definition 2.1 (Graph C*-algebra). The graph C*-algebra C∗(E) of a directed graph E
is the universal C*-algebra generated by mutually orthogonal projections
{
Pv : v ∈ E0
}
and partial isometries
{
Se : e ∈ E1
}
satisfying the following conditions:
S∗eSe = Pr(e) for all e ∈ E1 , (GA1)∑
e∈E1: s(e)=v
SeS
∗
e = Pv for all v ∈ E0 such that 0 < |s−1(v)| <∞ , (GA2)
SeS
∗
e ≤ Ps(e) for all e ∈ E1. (GA3)
A vertex v in E is called a sink if and only if s−1(v) = ∅. By a path in E we mean
a sequence of edges and we denote the set of finite paths by Path(E). The notation Sα
along with the source and range map naturally extend to any α ∈ Path(E). A path α is
called a loop if and only if s(α) = r(α).
The following remark shows that in general, the spectral condition (GA3) should be
relatively painless to check.
Lemma 2.2. Let E be an arbitrary graph and α a path in E with origin v ∈ E0. Then,
we always have
SαS
∗
α ≤ Pv ∈ C∗(E). (2.1)
Proof. Write α = βe for an edge e with origin w ∈ E0 and an initial sub-path β of α. We
then have
SαS
∗
α = Sβ(SeS
∗
e )S
∗
β ≤ SβPwS∗β = SβS∗β , (2.2)
where the middle inequality uses SeS
∗
e ≤ Pw (by the very definition of C∗(E)).
We can now proceed inductively on the length of the path: assuming SβS
∗
β ≤ Pv by
the induction hypothesis and using the fact that the claim holds for length-1 paths (i.e.
edges) the conclusion follows. 
4 A. CHIRVASITU, P. M. HAJAC, AND M. TOBOLSKI
We present graph-algebraic presentations of some well-known examples of C*-algebras.
Example 2.3 (Complex numbers C). The algebra of complex numbers is isomorphic with
the graph C*-algebra of a graph with one vertex and no edges.
v (2.3)
Example 2.4 (Continuous complex-valued functions on the circle C(S1)). The universal
unital C*-algebra generated by a single unitary u is isomorphic with the graph C*-algebra
of the graph given below through isomorphism u 7→ Se.
v
e
(2.4)
Example 2.5 (The Toeplitz algebra T [5]). The universal unital C*-algebra generated
by a single isometry s is isomorphic with the graph C*-algebra of the graph given below
through isomorphism s 7→ St1 + St2.
w1 w2
t1
t2 (2.5)
Example 2.6 (The Cuntz algebra Om [6]). The universal unital C*-algebra generated by
isometries s1, . . ., sm subject to the relation
∑m
i=1 sis
∗
i = 1 is isomorphic with the graph
C*-algebra of the graph Rm given below through isomorphism si 7→ Sei.
1
...
e1
em
(2.6)
Example 2.7 (The standard Podles´ quantum sphere C(S2q0)). Let q ∈ [0, 1]. The C*-alge-
bra C(S2q0) [14, (3a)] is isomorphic with the Vaksman–Soibelman quantum complex pro-
jective line C(CP1q) [16, Definition on p. 109], which has a graph-algebraic presentation as
the graph C*-algebra of the graph given below (see [9, Section 2.3]):
v1 v2
(∞)
(2.7)
Here (∞) denotes countably many arrows.
We end this section by recalling some standard results that we will use throughout the
paper. Let E be a directed graph. A subset H ⊂ E0 is called hereditary iff, for any v ∈ H
such that there is a path starting at v and ending at w ∈ E0, we have w ∈ H. If H is
hereditary, then the ideal IH generated by the projections associated with the elements
of H is of the form (cf. the equation (1) in [2]):
IH = span{SαS∗β | α, β ∈ Path(E), r(α) = r(β) ∈ H}. (2.8)
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Here span denotes the closed linear span.
Assume additionally that there are no vertices that emit infinitely many arrows into H
and finitely many outside of H and that H ⊂ E0 is saturated, i.e. there does not exist
a vertex v /∈ H such that
0 < |s−1E (v)| <∞ and rE(s−1E (v)) ⊆ H. (2.9)
Then, the quotient algebra C∗(E)/IH is again a graph C*-algebra, namely there is an
isomorphism
C∗(E)/IH ∼= C∗(E/H), where E/H := (E0 \H, r−1(E0 \H), s, r) (2.10)
(cf. discussion below the equation (1) in [2]).
3. Non-injective pushouts of graphs
In this section we prove a non-surjective pullback theorem generalizing the diagram (1.2).
First, we need some preliminaries on graphs and their morphisms.
Let D = (D0, D1, sD, rD) and E = (E0, E1, sE, rE) be directed graphs. A morphism of
graphs f : D → E is a pair of mappings f0 : D0 → E0 and f1 : D1 → E1 satisfying
f0 ◦ sD = sE ◦ f1, f0 ◦ rD = rE ◦ f1. (3.1)
If there is an injective morphism of graphs D → E, we say that D is a subgraph of E.
Definition 3.1. An injective graph morphism ι : D → E is called an admissible inclusion
if the following conditions are satisfied:
(A1) E0 \ ι0(D0) is hereditary and saturated,
(A2) ι1(D1) = r
−1
E (ι0(D0)).
If there is an admissible inclusion D → E and no vertex in E0 emits infinitely many
edges into E0 \D0 while emitting finitely many edges into D0, we call the pair (D ⊆ E)
an admissible graph.
We state the following elementary fact (cf. (2.10) and the discussion preceding it).
Proposition 3.2. Let (D ⊆ E) be an admissible graph. Then, we have an isomorphism
of graph C*-algebras
C∗(D) ∼= C∗(E/(E0 \D0)). (3.2)
Let us introduce an additional piece of notation: if v, w ∈ E0, then we write vPath(E)w
for the set of paths starting at v and ending at w.
The assumptions of the theorem are as follows.
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• (D ⊆ E) and (F ⊆ G) are admissible graphs, where G has no loops (this implies
that C∗(G) is an AF algebra),
• there is a bijection f0 : G0 → E0 inducing a bijection
f0|G0\F0 : G0 \ F0 −→ E0 \D0 , (3.3)
• for any two distinct vertices v, w ∈ G0 we have a bijection
vfw : vPath(G)w −→ f0(v)Path(E)f0(w) . (3.4)
Theorem 3.3. Under the above hypotheses, we have a pullback diagram
C∗(G)
%%zz
C∗(F )
$$
C∗(E) .
yy
C∗(D)
(3.5)
Proof. Due to Proposition 3.2, we obtain the canonical surjections
pi1 : C
∗(G) −→ C∗(F ) and χ2 : C∗(E) −→ C∗(D). (3.6)
Since G has no loops, there is a bijection between G0 and E0, and similarly between
vPath(G)w and f0(v)Path(E)f0(w) for any v 6= w, this immediately gives us a ∗-homo-
morphism
pi2 : C
∗(G) −→ C∗(E) : Pv 7−→ Pf0(v) , Sα 7−→ Ss(α)fr(α)(α) , (3.7)
Here v ∈ G0 and α ∈ Path(G). We use Lemma 2.2 to verify that pi2 is well defined. Since
G has no loops, pi2 is injective by [15, Corollary 1.3]. We define χ1 : C
∗(F )→ C∗(D) by
the same formula (3.7), which is again well defined due to Lemma 2.2 and the definition
of maps (3.3) and (3.4).
It is straightforward to check that the maps pi1, pi2, χ1 and χ2 fit into the commutative
diagram (3.5). Due to [13, 3.1 Proposition], we only need to know whether
kerχ2 ⊆ pi2(kerpi1) (3.8)
to ensure that the diagram (3.5) is a pullback diagram. We can use the equation (2.8)
and the definition of pi2 to obtain the inclusion (3.8) at the algebraic level. Due to the
fact that any ∗-homomorphism is closed, we arrive at the desired conclusion. 
Remark 3.4. Observe that the assumptions of Theorem 3.3 are true for the standard
Podles´ sphere. Here C∗(G) = C(S2q0), C
∗(F ) = C, C∗(E) = T and C∗(D) = C(S1) (see
the diagram (1.3)).
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4. Extending graphs over sinks
To generalize the diagram (1.2) even further (e.g. to allow loops in the pullback the-
orem from the previous section), we will need some results regarding the preservation of
pushouts by the graph algebra construction under suitable conditions.
The general setup is as follows.
• E and F are graphs;
• X is a set, regarded as a graph with no edges;
• we are given two maps ιE : X → E0 and ιF : X → F0.
Under these circumstances we have induced morphisms ιE : C
∗(X)→ C∗(E) and similarly
for F . Denote by
C∗(E) •
C∗(X)
C∗(F )
the C*-algebra obtained from the amalgamated free product C∗(E) ∗C∗(X) C∗(F ) by im-
posing the additional conditions that every element of C∗(E) annihilated by C∗(X) in
turn annihilates C∗(F ).
Our claim is
Lemma 4.1. Suppose at least one of ιF and ιE takes its values in the sinks of the respective
graph. Then, the canonical morphism
C∗(E) •
C∗(X)
C∗(F )→ C∗(E unionsq
X
F ) (4.1)
is an isomorphism.
Proof. Suppose, to fix ideas, that ιE : X → E0 lands in the sinks of E. Then, all relations
in C∗(E unionsqX F ) involving vertices in the image of X through
E0 unionsq
X
F0
E0
<<
F0
bb
X
dd ::
(4.2)
are of one of two types: either they refer to edges in E1 only, or to edges in F1 only. But this
is precisely how the C*-algebra pushout C∗(E) ∗C∗(X) C∗(F ) is defined: by imposing the
relations of C∗(E) and C∗(F ) separately, upon identifying the projections corresponding
to ιE(x) and ιF (x) for x ∈ X. The conclusion follows by noting that the additional graph
algebra relations for C∗(E unionsqX F ) declaring all vertex projections mutually orthogonal
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precisely correspond to the annihilation conditions giving rise to the surjection
C∗(E) ∗
C∗(X)
C∗(F )→ C∗(E) •
C∗(X)
C∗(F ),
finishing the proof. 
Now consider injective maps ιE and ιF as before, as well as ιG : X → G0 for a third
graph G. Suppose furthermore that we have ιE(X) and ιG(X) consist of sinks of the two
respective graphs E and G, and that we have a pullback diagram
C∗(G)
||
φ
$$
C
""
C∗(E).
yy
A
(4.3)
with the upper right hand injective map sending vertex projections to vertex projections
and edges to paths, intertwining ιG and ιE and sending G0 \X to E0 \X. Here A denotes
an arbitrary unital C*-algebra fitting into the pullback diagram (4.3).
Theorem 4.2. Under the above conditions, we have a pullback diagram
C∗(G unionsq
X
F )
||
ψ
&&
C
$$
C∗(E unionsq
X
F ).
θ
ww
A
(4.4)
Proof. The existence and commutativity of the diagram (4.4) follows from Lemma 4.1 by
applying the − •C∗(X) C∗(F ) construction to the upper right hand map in (4.3).
The injectivity of ψ follows from that of φ and the Cuntz-Krieger uniqueness theorem
(e.g. [15, Theorem 1.2]), so it remains to check the surjectivity of ψ onto θ−1(ι(C)). This
condition follows from the fact that (4.3) is a pullback and Lemma 4.1, which ensures
that the kernel of
θ : C∗(E) •C∗(X) C∗(F )→ A
is contained in the subspace C∗(F ) + ker
(
θ|C∗(E)
)
. 
5. Examples and applications
This section is devoted to the study of special cases of Theorems 3.3 and 4.2 leading to
interesting examples in noncommutative topology.
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5.1. The standard Podles´ sphere. Our first example generalizes a simple gluing con-
struction in topology. Recall that the real projective plane RP2 may be represented as
a closed hemisphere with the antipodal points on the equator identified. If we further iden-
tify all those antipodal points, we obtain the sphere S2. Here we present a q-deformed
analog of this procedure.
The C*-algebra C(RP2q) of the quantum real projective plane is RP2q [7, Section 4]
admits a graph-algebraic presentation (see [9, Section 3.2]) as the C*-algebra of the graph
given below
(5.1)
Due to Theorem 3.3 and isomorphism C(S1) ∼= C(RP1), we have the following pullback
diagram
C(S2q0)
||
%%
C
""
C(RP2q).
yy
C(RP1)
(5.2)
Observe that the diagram (5.2) reflects the aforementioned procedure of shrinking the
copy of RP1 inside RP2 to a point.
5.2. The quantum teardrop C(WP1q(1, 2)). The classical teardrop WP1(1, 2) may be
represented as the wedge of two spheres, namely we have the following pushout diagram
WP1(1, 2)
{∗}
::
S2 .
dd
S1
ee 99
(5.3)
To obtain a noncommutative counterpart of the diagram (5.3), we need to introduce
a different kind of a noncommutative sphere. The C*-algebra C(S2q∞) of the equatorial
Podles´ sphere S2q∞ [14, (3b)] admits a graph-algebraic presentation (see [9, Section 3.1])
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as the C*-algebra of the graph given below
(5.4)
Theorem 3.3 applies and we obtain the following pullback diagram
C(WP1q(1, 2))
yy
&&
C
%%
C(S2q∞)
xx
C(S1)
(5.5)
which can be regarded as a noncommutative deformation of the diagram (5.3).
5.3. The complex quantum projective spaces C(CPnq ). The CW-complex decom-
position of complex projectives spaces may be described in terms of pushout diagrams
CPn
CPn−1
99
B2n .
dd
S2n−1
dd ::
(5.6)
Let us recall the graph-algebraic presentation of q-deformations of the spaces in the
diagram (5.6).
• The C*-algebra C(CPnq ) of the complex quantum projective space [16], the graph
for n = 3 is given below (see [9, Section 4.3]):
(∞) (∞)
(∞) (∞)
(∞)
(∞)
(5.7)
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• The C*-algebra C(B2nq ) of the even-dimensional quantum ball [10], the graph for
n = 3 is given below (see [10, Section 3.1]):
(5.8)
• The C*-algebra C(S2n−1q ) of the Vaskman–Soibelman odd quantum sphere [16,
Definition on p. 106], the graph for n = 4 is given below (see [9, Section 4.1]):
(5.9)
Using Theorem 3.3, we obtain a pullback diagram
C(CPnq )
&&xx
C(CPn−1q )
&&
C(B2nq ) .
yy
C(S2n−1q )
(5.10)
Note that the diagram (5.10) was obtained in [1, Proposition 4.1] using equivariant
pullback structures.
5.4. The quantum teardrops C(WP1q(1, n)). Let n ∈ N \ {0}. Consider the following
graph Wn given below
v0
(∞)
v1
(∞)
v2
. . .
(∞)
vn-1
(∞)
vn (5.11)
Observe that C∗(W1) ∼= C(S2q0). One can also show (see [4, Section 3]) that in general
the graph C*-algebra C∗(Wn) is isomorphic with the C*-algebra C(WP1q(1, n)) of the
quantum teardrop WP1q(1, n) [3, Section 3].
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We will also need an n-sink extension Rnm of the graph (2.6):
r0
...
r1 r2
. . .
rn−1 rn
(i1)
(i2) (in-1)
(in)
(5.12)
Here the notation (ij) means that there are ij ∈ N \ {0} many edges from r0 to rj.
Due to Theorem 3.3, we obtain the pullback diagram
C(WP1q(1, n))
''
yy
C
%%
C∗(Rnm) .
wwOm
(5.13)
Let us now consider the graph Gn defined as a pushout of Wn (see (5.11)) and an
another graph F over the sinks of Wn. The only restriction on the graph F is that there
exists an inclusion {r1, . . . , rn} → F 0. The graph Gn is represented pictorially below
(∞) (∞)
. . .
(∞) (∞)
F (5.14)
Next, we consider an analogous construction for the graph Rnm (see (5.12)), which we
denote by Enm. The resulting graph is given below
. . .
F
...
(5.15)
NON-SURJECTIVE PULLBACKS OF GRAPH C*-ALGEBRAS 13
Theorem 4.2 applies and for any n,m ∈ N\{0}, we have the following pullback diagram
C∗(Gn)
%%
||
C
##
C∗(Enm) .
xx
Om
(5.16)
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